Abstract. The quotient set, or ratio set, of a set of integers A is defined as
Introduction
The quotient set, also known as ratio set, of a set of integers A is defined as
The question of when R(A) is dense in R + is a classical topic and has been studied by many researchers (see, e.g., [1, 2, 3, 7, 8, 9, 11, 15] ).Corollary 1.3. If f : Z p → Q p is an analytic function with a simple zero in Z p , then R f is dense in Q p .
The above results make possible to completely characterize the linear and quadratic polynomials f for which R f is dense in Q p . Proposition 1.4. Let f ∈ Z[X] be a polynomial of degree 1 or 2. Then, R f is dense in Q p if and only if f has a simple zero in Z p .
Proof. When f has degree 1, the thesis follows immediately from Lemma 1.1 and Corollary 1.3. Assume f has degree 2. If f has a simple zero in Z p , then R f is dense in Q p by Corollary 1.3. On the other hand, if f has no simple zeros in Z p , then we have two cases. In the first case, f has no zeros in Z p . Then, by Lemma 1.1, R f is not dense in Q p . In the second case, f has a zero in Z p with multiplicity 2, i.e., f (x) = a(x − z) 2 , for some a, z ∈ Z p with a = 0. Consequently, R f is not dense in Q p , since the p-adic valuation of each element of R f is divisible by 2.
For polynomials of higher degrees, we can not exploit Lemma 1.1 and Corollary 1.3 to determine if R f is dense in Q p . For instance, consider the case of a polynomial of degree 3 with a double root in Z p and the other root not in Z p . However, if we consider polynomials having all their roots in Z p , then we have the following result.
be a nonconstant polynomial splitting in Z p and of degree less than 31. Then, R f is not dense in Q p if and only if there exists an integer n > 1 which divides the multiplicity of each root of f .
Proof. Let µ 1 , . . . , µ s be the multiplicities of the roots of f . If there exists an integer n > 1 dividing all µ 1 , . . . , µ s , then f = ag n , for some a ∈ Z \ {0} and g ∈ Z[X]. Consequently, R f is not dense in Q p , since the p-adic valuation of each element of R f is divisible by n. Now suppose that there exists no integer n > 1 dividing all µ 1 , . . . , µ s . We shall prove that gcd(µ i , µ j ) = 1 for some i, j. In this way, by Theorem 1.2, it follows that R f is dense in Q p . For the sake of contradiction, assume gcd(µ i , µ j ) > 1 for all i, j. In particular, we have s ≥ 3, and that each µ i has at least two distinct prime factors. Also, at least one of µ 1 , . . . , µ s is odd. Without loss of generality, we can assume µ 1 odd. Thus µ 1 ∈ {15, 21}, and at least one of µ 2 , . . . , µ s is not divisible by 3. Without loss of generality, we can assume µ 2 not divisible by 3. Thus µ 2 ∈ {10, 14}. Since µ 3 has at least two distinct prime factors, µ 3 ≥ 6 and consequently deg f = µ 1 + · · · + µ s > 30, absurd. Remark 1.6. Proposition 1.5 is optimal in the sense that there exists a polynomial f ∈ Z[X] of degree 31, splitting in Z p , with the greatest common divisor of the multiplicities of its roots equal to 1, but such that R f is not dense in Q p . Indeed, consider
Then, for p > 2 (respectively p = 2) the p-adic valuation of each element of f (Z + ) is of the form 6n, 10n, or 15n (respectively 10n, 6n + 15, or 15n + 6), for some integer n ≥ 0. Therefore, no element of R f has p-adic valuation equal to 1 (respectively 2), and R f is not dense in Q p .
Remark 1.7. Using the same reasonings as in the proof of Proposition 1.5, one can prove a slightly more general statement: Given f = gh, where g, h ∈ Z[X] are such that g splits in Z p , 1 ≤ deg g ≤ 30, and the p-adic valuation of h is constant, we have that R f is not dense in Q p if and only if there does not exist an integer n > 1 dividing all the multiplicities of the roots of g.
For integers m, n ≥ 2, define the set 
For all integers n, b ≥ 2, let γ(n, b) denote the smallest positive integer g such that for every a ∈ Z the equation
Furthermore, let θ(n, b) be the smallest positive integer g such that for a = 0 the equation (1) has a solution with at least one of X 1 , . . . , X g coprime with b. The quantities γ(n, b), θ(n, b) have been studied in regard to analogs of Waring's problem modulo p (see, e.g., [13, 14] ).
We give an effective criterion to establish if R(S n m ) is dense in Q p . We postpone its proof to Section 3. Theorem 1.9. Let m, n ≥ 2 be integers, let p be a prime number, and put k := ν p (n).
m ) is dense in Q 2 if and only if m ≥ 64. Example 1.10. Let us consider the denseness of R(S 6 m ) in Q 11 . In order to apply Theorem 1.9, we have to compute θ(6, 11). The nonzero sixth powers modulo 11 are 1, 3, 4, 5, and 9. Hence, the minimum positive integer g such that the equation X 6 1 + · · · + X 6 g ≡ 0 (mod 11) has a solution, with at least one of X 1 , . . . , X g not divisible by 11, is θ(6, 11) = 3. Consequently, by points (a) and (b) of Theorem 1.9, we have that R(S 6 m ) is dense in Q 11 if and only if m ≥ 3. Example 1.11. Let us consider the denseness of R(S 10 m ) in Q 2 . In order to apply Theorem 1.9, we have to compute θ (10, 8) . We have x 10 ≡ 1 (mod 8) for each odd integer x. Hence, it follows easily that θ(10, 8) = 8. Consequently, by points (a) and (b) of Theorem 1.9, we have that R(S 10 m ) is dense in Q 2 if and only if m ≥ 8. For m = 2, we have the following corollary. Corollary 1.12. Let n ≥ 2 be an integer, let p be a prime number, and put k = ν p (n). Then R(S n 2 ) is dense in Q p if and only if −1 is an nth power modulo p 2k+1 . In particular, R(S n 2 ) is dense in Q p whenever n is odd.
Proof. First, assume p = 2 and n ∈ {2, 4, 8, 16}. Then, it can be easily checked that −1 is not an nth power modulo p 2k+1 . By Theorem 1.8, R(S 2 2 ) is not dense in Q p and, since S n 2 ⊆ S 2 2 , we get that R(S n 2 ) is not dense in Q p . Now assume (n, p) / ∈ {(2, 2), (4, 2), (8, 2), (16, 2)}. By Theorem 1.9, we have that R(S n 2 ) is dense in Q p if and only if there exist integers 0 ≤ x 1 , x 2 < p 2k+1 , not both divisible by p, such that x n 1 + x n 2 is divisible by p 2k+1 . It easy to see that this last condition is equivalent to the −1 being an nth power modulo p 2k+1 .
In [5, Problem 4.3] it is asked about the denseness in Q p of R(S 4 m ) and R(S 5 m ). From Corollary 1.12, we have that R(S 5 m ) is dense in Q p for all integers m ≥ 2 and prime numbers p. Regarding R(S 4 m ), the situation is more complicated. Theorem 1.9(d) already covers the case p = 2. For p > 2 we have the following result. We leave the following general question to the readers. 2 ) is not dense in Q 3 . This is not correct, since R(S 3 2 ) is dense in Q 3 in light of Corollary 1.12. The mistake in the proof of [5, Theorems 4.2] is when, at point (b2), it is asserted that: "If x/y ∈ R(S 3 2 ) is sufficiently close to 3 in Q 3 , then ν 3 (x) = ν 3 (y) + 1. Without loss of generality, we may suppose that ν 3 (x) = 1 and ν 3 (y) = 0." This is not true, because if y is the sum of two cubes, then there is no guarantee that y/3 ν 3 (y) is still the sum of two cubes. For instance, if y = 1 3 + 5 3 then y/3 ν 3 (y) = 14 is not the sum of two cubes.
Notation. For each prime number p, let ν p denote the usual p-adic valuation, with the convention ν p (0) := +∞. For integers a and m > 0, we write (a mod m) for the unique integer r ∈ ]−b/2, b/2] such that a − r is divisible by m.
Proof of Theorem 1.2
We have to prove that for all r ∈ Q p and u > 0 there exist x 1 , x 2 ∈ Z + such that f (x 2 ) = 0 and
Clearly, since Q * p is dense in Q p , it is enough to consider r = 0. Furthermore, since Z + is dense in Z p and f is continuous, we can assume, less restrictively, x 1 , x 2 ∈ Z p . By hypothesis, for i = 1, 2, we have f (X) = (X − z i ) µ i g i (X), where g i : Z p → Q p is an analytic function such that g i (z i ) = 0. Put x i := y i p k i + z i , for i = 1, 2, where y 1 , y 2 ∈ Z p \ {0} and k 1 , k 2 ∈ Z + will be chosen later. Without loss of generality, we can assume
In particular, it is implicit that g(x 2 ) = 0 and consequently f (x 2 ) = 0. We fix k 1 , k 2 such that
and (2) holds. This is possible thanks to the condition gcd(µ 1 , µ 2 ) = 1. Indeed, by Bézout's lemma, the quantity k 1 µ 1 − k 2 µ 2 can be equal to any integer with k 1 and k 2 arbitrarily large
Again by Bézout's lemma, there exist integers h 1 , h 2 ≥ 0 such that h 1 µ 1 − h 2 µ 2 = 1. We set y i = s h i , for i = 1, 2, where s := p −νp(r) rG. Note that y 1 , y 2 ∈ Z p \ {0}, as required.
Hence, we have
so that, recalling (2), we get
as desired.
3. Proof of Theorem 1.9
(a) Suppose that there exist integers 0 ≤ x 1 , . . . , x m < p 2k+1 , not all divisible by p, such that x n 1 + · · · + x n m is divisible by p 2k+1 . Up to reordering x 1 , . . . , x m , we can assume that p ∤ x 1 . Put f (X) = X n + x n 2 + · · · + x n m , so that f ′ (X) = nX n−1 . In particular, all the roots of f are simple. Since p ∤ x 1 , we have
so that, by Hensel's lemma [4, Ch. 4, Lemma 3.1], f has a simple root in Z p . Hence, by
Suppose that there are no integers x 1 , . . . , x m as before, and that (3) (n, p) / ∈ {(2, 2), (4, 2), (8, 2), (16, 2)}.
We shall prove that 4k + 1 < n. For the sake of contradiction, suppose 4k + 1 ≥ n. Since n ≥ 2, we have k ≥ 1. Also, we have 4k + 1 ≥ p k , which implies p ≤ 5. Now, taking into account (3), it can be readily checked that (n, p) ∈ {(3, 3), (9, 3), (5, 5)}. Therefore, since 2k < n, we have
and consequently
, which in turn, by (4) , implies that
that is, the p-adic valuations of the nonzero elements of R(S n m ) belong to at most 4k + 1 residue classes modulo n. Since 4k + 1 < n, at least one residue class modulo n is missing and, a fortiori, R(S n m ) is not dense in Q p .
(c) The claim follows immediately from Theorem 1.8. From now on, assume n = 2 k , with k ∈ {2, 3, 4}. Let T n m be the topological closure of S n m in Q 2 . Clearly, we have
It is a standard exercise showing that the nonzero nth powers of Z * 2 are exactly the elements of the form 1 + 4ny, with y ∈ Z 2 . As a consequence,
Let v 1 , v 2 ≥ 0, j ≥ 1 be integers and
where
Therefore, it follows easily by induction on m that
(d) On the one hand, using (5), it can be checked quickly that 15 / ∈ R(T 4 7 ). Hence, R(S 4 7 ) is not dense in Q 2 . On the other hand, we have for all v ∈ Z ≥0 , r ∈ {0, 1, 2, 3, 4}, and y ∈ Z 2 . Hence, Z p ⊆ R(T 
